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Abstract. By using Fourier's transform and Fefferman-Stein's theorem, we investigate the V- 
maximal regularity of nonlocal parabolic and elliptic equations with singular and non-symmetric 
". Levy operators, and obtain the unique strong solvability of the corresponding nonlocal parabolic 

and elliptic equations, where the probabilistic representation plays an important role. As a conse- 
i quence, a characterization for the domain of pseudo-differential operators of Levy type with sin- 

gular kernels is given in terms of the Bessel potential spaces. As a byproduct, we also show that a 
P3 ■ large class of non-symmetric Levy operators generates an analytic semigroup in L''-space. More- 

over, as applications, we prove a Krylov's estimate for stochastic differential equation driven by 
Cauchy processes (i.e. critical diffusion processes), and also obtain the global well-posedness to 
a class of quasi-linear first order parabolic system with critical diffusion. In particular, critical 
Hamilton-Jacobi equation and multidimensional critical Burger's equation are uniquely solvable 
Ph ' and the smooth solutions are obtained. 
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Consider the following Cauchy problem of fractional Laplacian heat equation in the domain 
[0, oo) X W' with a 6 (0, 2) and A>Q: 

dtu + (-A)^M + b ■Vu + Au = f, u(0) = (f, (1.1) 

QQ , where b : [0, oo) x ^ is a measurable vector field, / : [0, oo) x R'' ^ R and : R^ ^ R 
O I are two measurable functions, and (-A)^ is the fractional Laplacian (also called Levy operator) 
Q^ ■ defined by 

(-A)"^u = r-\\-rr(u)), uesiw^x (1.2) 

where !F (resp. denotes the Fourier (resp. inverse) transform, S(R'') is the Schwartz class 
of smooth real or complex- valued rapidly decreasing functions. 
rS \ Let (Lf)f5;o be a symmetric and rotationally invariant a-stable process. Let b,fe C^([0, oo) x 

I R'') and Xt^s(x) solve the following stochastic differential equation (SDE): 

X,^,(x) = + ^ b(-r,X,^rix))dr + dL„ t<s<0, xeMf'. 

It is well-known that for (p e C^(R''), the unique solution of equation (ll.l|) can be represented 
by Feyman-Kac formula as (see Theorem 15 . 21 below) : 

u{t, X) = EifiX^M) + E U e-"-'^'^f{-s, X_,,(x))d^j , t > 0. (1 .3) 

In connection with this representation, the first order term b ■ Vu is also called the drift term, 
and the fractional Laplacian term (-A)5m is also called the diffusion term. 
Let now uit, x) satisfy (11.11) . For r > and (t, x) e [0, oo) x W^, define 

u'it, x) := r'"u{r"t, rx), b\t, x) := b{r"t, rx), f\t, x) := /(r"?, rx). 



Keywords: L'^ -regularity. Levy process, Krylov's estimate, sharp function, critical Burger's equation. 
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then it is easy to see that u'' satisfies 

dtu' + i-Af-u'' + r"-\b' ■ Vu') + Ar^u' = f. (1.4) 
If one lets r ^ 0, this scaling property leads to the following classification: 

• (Subcritical case: a e (1,2)) The drift term is controlled by the diffusion term at small scales. 

• (Critical case: a = 1) The fractional Laplacian has the same order as the first order term. 

• (Supercritical case: a e (0, 1)) The effect of the drift term is stronger than the diffusion term 
at small scales. 

In recent years there are great interests to study the above nonlocal equation, since it has 
appeared in numerous disciplines, such as quasi-geostrophic fluid dynamics (cf. IfTOl |9l|), sto- 
chastic control problems (cf. [|34ll ), nonlinear filtering with jump (cf. ||28l ), mathematical fi- 
nance (cf. (Si), anomalous diffusion in semiconductor growth (cf. [|38l ), etc. In lfT2l . Droniou 
and Imbert studied the first order Hamilton- Jacobi equation with fractional diffusion (-A)? bas- 
ing upon a "reverse maximal principle". Therein, when a 6 (1,2), the classical solution was 
obtained; when a e (0, 2), the existence and uniqueness of viscosity solutions in the class of 
Lipschitz functions were also established. In [9], Caffarelli and Vasseur established the global 
well-posedness of critical dissipative quasi-geostrophic equation (see also ^21] for a simple 
proof in the periodic and two dimensional case). On the other hand. Holder regularity theory 
for the viscosity solutions of fully non-linear and nonlocal elliptic equations are also developed 
by Caffarelli and Silvestre and Barles, Chasseigne and Imbert [4], see also the series of 
works of Silverstre [[301 [311 [33l l32ll , etc. We emphasize that the arguments in [|8|[ and [^1 are 
different: the former is based on the Alexandorff-Backelman-Pucci's (ABP) estimate, and the 
latter is based on the Ishii-Lions' simple method. 

The purpose of this paper is an attempt to develop an -regularity theory for nonlocal equa- 
tions with general Levy operators. We describe it as follows. Let v be a Levy measure in R'', 
i.e., a cr- finite measure satisfying v({0}) = and 

min(l, |yP)v(d>') < +oo. 

For a e (0, 2), we write 

:= Ue(l,2)y + la=ljl|.v|s;l- 

In this article we are mainly concerned with the following pseudo-differential operator of Levy 
type: 

rf(x):= f [f(x + y)-f(x)-y''''>-Vf(x)]v(dy), / 6 5(R^ (1.5) 
where v satisfies 

(5) < v(5) < (5), Be^(R\ (1.6) 

and 

la=i f yv(dy) = 0, 0<r<R<+oo. (1.7) 
Here, v''"\ i = 1,2 are the Levy measures of two a-stable processes taking the form 

where S'' ' = {0 6 R'' : |0| = 1} is the unit sphere in R'', and S,- called the spherical part of v|"^ is 
a finite measure on S''~' . We remark that condition ([1.71) is a common assumption in the critical 
case (see [[271 [TTl ). and is clearly satisfied when v is symmetric. 
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One of the aims of the present paper is to determine 2i''{17), the domain of the Levy operator 
JJ in L^-space. We shall prove that under (|1.6I) and (|1.7I) . if Vj"^ is nondegenerate (see Definition 
l2.6l below). then for any 7? e (1, 00), 

where H"''' is the a-order Bessel potential space. When y(dj) = a{y)diyl\y\'^*°' with ci < \a{y)\ < 
C2, this characterization was obtained recently by Dong and Kim IfTTI . It is remarked that the 
technique in [4J was used by Dong and Kim to derive some local Holder estimate for nonlo- 
cal elliptic equation in order to prove their characterization. However, the following sum of 
nonlocal operators is not covered by [1 IJ: 

nr. . \^ r /(^i ,Xi-uXi + ji, , • • • Xd) - fix) - yf^ ■ dif{x) 

^f^^^ = h d);,' 

Trf Jr \yi\ 

since in this case, the Levy measure (or the Levy symbol) is very singular (or non-smooth) 
(see Remark [2771) . Notice that if the Levy symbol is smooth and its derivatives satisfy suitable 
conditions, the above characterization falls into the classical multiplier theorems about pseudo- 
differential operators (cf. [|36l ITTl ). We also mention that Farkas, Jacob and Schilling [|13l 
Theorem 2.1.15] gave another characterization for in terms of the so called t/r-Bessel 

potential space, where iff is the symbol of J7. 

The strategy for proving the above characterization is to prove the following Littlewood-Paley 
type inequality: for any p e ( 1 , 00), there exists a C > such that for any A > 0, f e U\M^ xMf'), 

Jo p Jo 

where v\,V2 are two Levy measures satisfying (11.61) and (|1.7I) . and {'P]^)t^Q is the semigroup as- 
sociated with JJK Indeed, this estimate is the key ingredient in L''-theory of PDE (see [|26ll24ll ). 
and corresponds to the optimal regularity of nonlocal parabolic equation. Likewise [111, when 
v(dj) = a{y)dLy l\y\'^^'" with smooth and 0-homogeneous a{y) and c\ < \a{y)\ < C2, Mikulevicius 
and Pragarauskas [|27]| proved this type of estimate by showing some weak (1, l)-type estimate. 
In a difi'erent way, the proof given here is based on Fourier's transform and Fefferman-Stein's 
theorem about sharp functions (cf. [ 221 l24l ). We stress that probabilistic representation (11.31) 
will play an important role in reducing the general nonhomogeneous operator to homogeneous 
operator (see Step 1 in the proof of Theorem |4.2D . 

Another aim of this paper is to solve the linear and quasi-linear first order nonlocal parabolic 
equation with critical diff"usions in the L^-sense rather than the viscosity sense [T2]. The critical 
case is specially interesting not only because it appears naturally in quasi-geostrophic flows, 
but also it is an attractive object in mathematics. In particular, we care about the following 
multidimensional critical Burger's equation: 

^tU + {-^yu + u■Vu = Q, u{Q) = ip. (1.9) 

In one dimensional case, this equation has a natural variational formulation and admits a unique 
global smooth solution (see [jVl |20l) under some regularity assumption on ip. In multidimen- 
sional case, the local well-posedness of Burger's equation is relatively easy (cf. [1I81 14011 ). 
However, the global well-posedness of equation (11.91 ) is a challenge problem. The reason lies in 
two aspects: on one hand, there is no energy inequality and thus, the variational method seems 
not to be applicable; on the other hand, the first order term has the same order as the diff"usion 
term. In fact, Kiselev, Nazarov and Schterenberg [20J have showed the existence of blow up so- 
lutions for 1-D supercritical Burger's equation. The idea here is to establish some apriori Holder 
estimate for equation (11.11 ) and then use the classical method of freezing coeflicients. In [321 , 
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Silvestre proved an apriori Holder estimate for equation (11.11) with only bounded measurable 
b. This is the key point for us. However, the assumption of scale invariance on Levy operators 
seems to be crucial in |[32l since the proof is by the iteration of the diminish of oscillation at all 
scales. As above, we shall use probabilistic representation (11.31) like a perturbation argument to 
extend Silvestre's estimate to the more general non-homogeneous Levy operator (see Corollary 
[6J). 

This paper is organized as follows. In Section 2, we prepare some lemmas and recall some 
facts for later use. In Section 3, the basic maximum principles for nonlocal parabolic and elliptic 
equation are proved. In Section 4, we prove the main Theorem |4.2l and give a comparison result 
between two Levy operators. In particular, we show that (f J')f>o forms an analytic semigroup 
in L^-space. In Section 5, we prove the existence of a unique strong solution for the first order 
nonlocal parabolic equation with critical diffusion and various coefficients. As an application, 
we also prove a Krylov's estimate for critical diffusion processes. We mention that in one 
dimensional and subcritical case, such type of estimate was firstly proved by Kurenok [25J; and 
in multidimensional and subcritical case, it was proved in [|39l . In Section 6, we investigate 
quasi-linear first order nonlocal parabolic system, and get the existence of smooth solutions and 
strong solutions. In particular, the global solvability of equation (11.91 ) is obtained. 

Notations: We collect some frequently used notations below for the reader's convenience. 

• := (0, oo), R+ := [0, oo). For a complex number z, Re(z) (Im(z)): real (image) part of z. 

• S{M.^y. the Schwartz class of smooth real or complex-valued rapidly decreasing functions. 
C^iW^) (resp. CliW^), C^iW')): the space of all bounded smooth functions with bounded 
derivatives of all orders (resp. up to /:-order, with compact support). 

• T and T''^: Fourier's transform and Fourier's inverse transform. 

• v: Levy measure; v^"^: the Levy measure of or-stable process; E: a finite measure on S''"\ 
called the spherical part of v*'^^ 

• LJ': the Levy process associated with Levy measure v; f^: the semigroup associated with . 
X": the generator of L^, £.^*: the adjoint operator of X"; p^'- the heat kernel of £.^*. 

• Br(xo) := {x :e : \x - Xo\ < r], B,- := 5^0), B"/. the complement of B^. 

• W'P-. Bessel potential space; W"''': Sobolev-Slobodeckij space; W~ := n^t.pW^-''. 

• ojb'. the continuous modulus function of b, i.e., oJb(s) := sup|^_j,|^^. \b(x) - b(y)\. 

• 7-/^: the space of Holder continuous functions with the norm Yjflo llV'/IU + llV^^/H^/?, where 
[j3] denotes the integer part of yS, and HV^Vllw^ := sup|,._,,|^i IV^^/W - V^]/(>')|/|;c - yf. 

• (Pe)£e(o,i)- a family of moUifiers in W' with Pe(x) = s~^p{s'^x), where p is a nonnegative 
smooth function with support in B^ and satisfies \„ ,p{x)diX = 1. 

Convention: The letter C with or without subscripts will denote an unimportant constant. 
The inner product in Euclidean space is denoted by 

2. Preliminaries 

For a e (0, 2), let v be a Levy measure in R'' and satisfy (|1.6I) and (11.71) . Let (L]'),^o be the 
J-dimensional Levy process, a stationary and independent increment process defined on some 
probability space {Q., ^ , P), with characteristic function 

Ee^-^' =e-"^^^^\ ^eW', (2.1) 

where i/^v is the Levy exponent with the form by Levy-Khintchine's formula (cf. Il2ll29l), 

<Av(^):= r (l+i^-y'^^-e'^Xdj). (2.2) 
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Let v'-"'^ take the form (11.81) and satisfy (11.71) . It is well-known that (Lf"')^^o is a J-dimensional 
or-stable process and has the following self- similarity (cf. ||29l Proposition 13.5 and Theorem 
14.7]): 

{Lt:\,o '= {r'l"Lf\,o, Vr > 0, (2.3) 

where =^ means that the two processes have the same laws. Moreover, from expression (II. 8D . it 
is easy to see that for any e (0, a), 

r min(|);|M);|2)v(-)(d);) < +00, (2.4) 

and 

Re(«Av(4^)) = ( r ^?^) r 1^ ■ emm. (2.5) 

The Feller semigroup associated with (L^)f>o is defined by 

^r/(;c):=E/(Lr + x), / e .S(]R^). 
The generator of i'P])t^Q is then given by (cf. [2, Theorem 3.3.3]) 



rnx)= I [f(x + y)-f(x)-y"'>-Vf(x)]y(dy), (2.6) 

i.e., 

5,!Pr/(x) = rr^m = "P't-Cfixx t > 0. (2.7) 

Moreover, 

nrm) = -<Av(^) ■ nmx 

and i/fy is also called the Levy symbol of the operator X". From (12.51) . one sees that if the 
spherical part Z of v^"^ is the uniform distribution (equivalently, rotationally invariant) on S'' \ 
then <Ayw(^) = Cd,a\^f for some constant q^q, > 0, and thus, by (|1.2I) . 

-X^""/(x) = c,,„(-A)?/(^). (2.8) 

On the other hand, from expression (|2.6I) and assumption (II. 7|) . it is easy to see that J7 has the 
following invariance: 

• For z e R'', define f^(x) := f(z + x), then 

j7Mx) = ruz), wrMp = wrfWp, (2.9) 

where p > 1 and || • H^, denotes the usual L^-norm in R"^. 

• For r > 0, define f,-{x) := f{rx), then 

rfirx) = r^'-'^frix) = r-"r'''^'-^Mx). (2.10) 

We remark that r''v^"\r-) = v*-"^ by (fTSl) . 

• i:^(C~(R^)) c C~(R''), and for any k > 2, T : C^(R^) ^ C^-2(R^) is a continuous linear 
operator, where C~(R'^') (resp. C^iW^)) is the space of all bounded smooth functions with 
bounded derivatives of all orders (resp. up to fc-order). 

The adjoint operator of J7 is given by 

ryix)= f [f(x-y)-f(x)+/"^-Vfix)]v(dy), (2.11) 
Jw 

i.e., 

^ rf(x)-g(x)dx= I f(x)-r*g{x)dx, f,geS{W). 
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Clearly, X''* = \ where v(-) denotes the Levy measure v(-dy). 

Definition 2.1. Let Vi and V2 be two Borel measures. We say that v\ is less than V2 if 

vi(5)<V2(5), Bem^\ 
and we simply write Vi < V2 in this case. 

Lemma 2.2. Let v be a Levy measure less than v^"^ for some a e (0, 2), where v^"^ takes the 
form l \L8\l . We also assume U.7\i for v. Then for some kq > 0, 

|<Av(^)| < ^ol^r, ^eR^. (2.12) 

Proof. Write ^ := ^/|^|. For a e (1, 2), by the definitions of tf/y and v^"'^ we have 

|Im((Av(^))| 9 r \^-y-sm(^-yMdy)< [ |^ ■ y - sin(^ ■ 3;)|y('')(d3;) 

jRd jRd 



I f 

Jsd-i Jo 

= 1^1" r r 

Js''-' Jo 



For a = 1, by (11.71) . we have 
|Im((Av(^))l = 



r If -jllvKifM - sine ■)')|v<"(d}-) 

Js''-' Jo 



i^i , , 1^ • reir^i - sin(^ ■ re)\ 
1^1 I I drZ(d0) < C|^|. 



J§''-i Jo 

For Of G (0, 1), we have 

|Im(,Av(^))l < r |sin(^-);)|v(d3;)< f | sin(^ ■ 3;)|y('^)(d3;) 
Jr'' Jr'' 

Js''-' Jo 

Thus, combining with (12.51) . we obtain (12.121) . □ 

For k eM and p e [1, 00], let W^ '' be the usual Sobolev space with the norm 

k 

\\f\kp:=J]\W^f\\, 



where denotes the j-order gradient. 

We need the following simple interpolation result. 

Lemma 2.3. Let ;? e [1, 00] and /3 e [0, 1]. For any f e W^'^ and y e W', we have 

+y)- /(Ollp < (2||/||p)' AllV/||p|y|/. (2.13) 



Proof. Observing that for / e S(W^), 

\f{x + y)-f{x)\<\y\ I \Vf\{x + sy)diS, 



f 

Jo 



by a density argument, we have for any / 6 W^ '', 

\\f(-+y)-m\p<\\^f\\p\y\. 

Thus, for any /3 e [0, 1], 

+y)- m\p < mwp) A (iiv/iyji) < (2\\f\\py-M\vf\\^\y\f. 

The result follows. □ 

The following lemma will be used to derive some asymptotic estimate of large time for the 
heat kernel of Levy operator (see Corollary l2.9l below). 

Lemma 2.4. Assume that Levy measure v is less than v'^"^ for some a e (0, 2), where v*"^ takes 
the form di.^l) . Then for any e [1, oo] and f e W^''', we have 

f l|V/|i;r'||V2/ll]; + I|V/||;/||V2/II?, ae(l,2), re(a-l,l], ;8G[0,a-l), 
W-CfWp < C llV/lljr^llVVli;; + ll/lir^l|V/|f„ a = 1, r e (0, 1], p e [0, 1), 
[ ll/llJ'^IIV/llj; + ll/lli^^llV/ll^, a 6 (0, 1), r e (a, 1], e [0, a), 

where the constant C depends only on a,j3, y and the Levy measure v^"-'. 

Proof. Let us first look at the case of a e (1, 2). In this case, we have 

rf(x)= f ylf [Vf{x + sy)-Vf(x)]ds]v{dy) 



Since v is bounded by v^"\ by Minkowski's inequality and Lemma[231 we have for y e (a- 1 , 1] 
and/3 e [0,a- 1), 

\\rf\\p<i2\\Vf\\p)''^V'-f\\l f \y\''-''v^"\dy) + i2\\Vf\\p)'~''\\V'f\f^ f brV'^^dy). 

J\yHl J\y\>l 

In the case of a = 1, we similarly have for y e (0, 1] and /3 e [0, 1), 

\\rf\\p<i2\\Vf\\py~y\\V'-f\\l [ \y\'-'''v^'\dy) + i2\\f\\pnVf\fp [ \yU'\dy). 

J\y\<l J\y\>l 

In the case of or e (0, 1), we have for y e (a, 1] and /3 e [0, a), 

IIXYIIp < (2||/llp)'-''l|V/||;^ r \yW\dy) + (2\\f\\p)'-''\\Vf\f^ [ \yU-\dy). 
The proof is complete by (12.41) . □ 



We also need the following estimate, which will be used frequently in localizing the nonlocal 
equation. 

Lemma 2.5. Assume that Levy measure v is less than v'^"^ for some a e (0, 2), where v'^"^ takes 
the form (IMl). Let ^ e SiW^) and set ^,(x) := ^{x - z)forz e W^. 

(i) For any e(Ov(Q'-l),l) and p e [l,oo), there exists a constant C = C{v^"\[5,p,d) > 
such that for all f e W^'P, 

\i/p 

wrifQ - uyxxdz] < c\\a2.p\\f\\l-Wr,p- a.u) 
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(ii) For any J3 e (0 y (a - \),\) and y e [0, a), there exists a constant C = C{v^"\fi, y,d) > 
such that for any p e [1 , oo] and f e IH^, 

\\r{fo - {-cm\p < c[{\\rap + ii^ii;'"iiv^iipii/iu + iiv^iipii/ii^/.), (2.15) 

where \\f\\<Hi^ := sup^^^ \ f(x) - f(y)\/\x - yf, and for any p e [l,oo] and f e W^-p, 

wnfo - (XYKiip < c((iix^^iL + ii^iii-^iiv^ii^)ii/iip + iiv^iuii/ii;/iiv/ig). (2.16) 

Proof, (i). By formula (12.61) . we have 

-C(fQix) - rf{x) ■ ux) - fix) ■ rux) 

= r Vfi.x + y)-f{x)Mzix + y)-axmAy) 

Jr'' 

[fix + y)- f(x)Mzix + y)- Ux)Mdy) 



j 

J\y\. 



vKl 

+ r [fix + y)- fix)Mzix + y)- ax)]vidy) 

J\y\>l 

=:/f>W + /f(x). (2.17) 



For ll^\x), by Fubini's theorem, Minkowski's inequality and Lemma [23l we have 

p 



f ||/f)||^dz< r r |/(.+3;)-/(.)|( r |V^,|(- + ^3;)d^)|3;|y(d);) 



p 



< mK f ( r \fix + y)- fix)\ ■ \y\vidy)f dx 

jRd \ J\y\il I 

< IIV^II^ ||/(- +y)- fi-)\\p ■ \y\vidy)^ 

< l|V^||^(2||/||,r(^-^)||V/||f|£ ^ \yr^y^"\dy)^ . 
For lf\x), we similarly have 

r wifXdz < 4^(v(")(5^')ni^iip/ii;;. 

Moreover, by (12.91) and Lemma [241 we also have 

r wfra'pdz = iix^^iij^ii/iij^ < cii^irii/ii;;. 

jRd 

Combining the above calculations, we obtain (|2.14l) . 
(ii). We have 

\K\ < WflMl^^p f lyl'^'^vidy) < II/IkHIV^IIp r |);r^(">(d3;), 
and by Lemma [231 

WI^oX < ll/IU(2||^||pi-^||V^||;; r \yMdy) < ||/IU(2||^||pi-^||V^||^ f \yU"\dy). 

J\y\>l J\y\>l 

Estimate ([2l5l) follows by ([2J71) and \\fr^\\p < ll/ILIIX^'^llp. As for ([2J6l) . it is similar. □ 
We introduce the following notion about the non-degeneracy of v^"\ 



Definition 2.6. Let v^"^ be a Levy measure with the form UM . We say that v'-"'' is nondegenerate 
if the spherical part 2 ofv^"^ satisfies 



/ 



1^0 ■ er2(d0) ^ 0, V0O e S''"^ (2.18) 



By the compactness ofS'' ' and l\2.5\) . the above condition is equivalent that for some constant 

Kl > 0, 

Re(^,.„(^))>/ci|^r, ^eR^. (2.19) 
Remark 2.7. Let L], - • • ,L" be n-independent copies of Levy process L]. Write 

Lf = (Lf , • • • , Lf). 

Then L, is an nd -dimensional Levy process and the characteristic function of Li is given by 
ilfii) = if/yi^^) + ■■■ + iAv(D- where ^ = ■ ■ ■ ,^") e R"^ with ^' e R^. Clearly, if 

Re(«Av(^))>^i|^r, ^6R^, 

then 

It should be noticed that the Levy measure v ofh, is very singular and has the expression 

v{dx) = v(dJcl)6o(dx^ • • • , dx") + ■ ■ ■ + eo(dx\ ■■■ , djc"-')y(dx"), 

where x = {x^, - ■ ■ , jc") e R"^ with x' e R^, eo denotes the Dirac measure in R^""'^^, and the 
generator ofhf is given by 

n p 

X/(f) = y Vf{x' , • • • , + • • • , x") - /(f) - i"'^ ■ V,,/(f)] v(dy). (2.20) 



We need the following simple result about the smoothness of the distribution density of Levy 
process (see ni6[ Lemma 3.1] for the symmetric case). 

Proposition 2.8. Let ij/y be defined by A2.2\i and satisfy 

Re(^,(^))>/ci|^r, ^eR'. (2.21) 

Then for each t > 0, the law of L\ in has a smooth density p] with respect to the Lebesgue 
measure, and p] e n^.g^W''''. In particular, by (\2. 7P . 

dtp'^ix) = £'*p]{x), {t, jc) e R+ X r', (2.22) 

where X7* is defined by (|Z77]), and p]{x) is also called the heat kernel ofX,"*. 

Proof. By (12.211 ) and ["29^, p. 190, Proposition 28.1], L^ has a smooth density p^. Let us now 
prove that for each n e N, V"p^ G L^(R''). By Fourier's transform (12.11) . one sees that 



Set 

m-= f (l+i^-y-e'^Xdj). 

J\y\<i 

It is easy to see that (p is a smooth complex- valued function, and by (|2.21l) . for any n e N and 

jl,--- Jn 6 {I,-- - ,d}, 

^^^j,---^j„e-"l'^^^eSiR'), 



where ^ = (^i , • ■ ■ Since Fourier's transform !F is a bijective and continuous linear operator 
from S(W^) onto itself, there is a function / e tS(R'') such that 

On the other hand, by Levy-Khintchine's representation theorem (cf. [|2l Theorem 1.2.14]), 
there is a probability measure fx on W' such that 

Jw' 

Thus, by the property of Fourier's transform, we have 

= 7T^ [ e-'^-'fm(m = (-^r f f(x-yMdy). 

{^^) Jftrf jRd 

From this, we immediately deduce that V"pJ' e L^(R.'^). □ 

Using Proposition 12 . 8 1 and Lemma we have the following useful estimates about the heat 
kernel. 

Corollary 2.9. Let vf\ i = 1,2 be two Levy measures with the form U.8\) , where v'"^ is nonde- 
generate. Let v be another Levy measure less than v'^K Then, there are two indexes 61,62 > 1 
(depending only on a) and constants Ci, C2 > (depending only on d, a, v|"^ and not on v) such 
that for all t ^ 1, 

\\Vrpf\U<C,t~'^, (2.23) 

\\dtrpf\\i<C2t-'\ (2.24) 
Proof. First of all, by the scaling property (|2.3I) and Proposition [2]8l we have 

pf(x) = t-'''"pfit-^'"x), 

and for each n e N, 

r \V"pf\ix)dx = t-"'" [ \V"pf\(x)dx<Ct-"'''. (2.25) 
Estimate (12.231 ) follows from Lemma [X^ by suitable choices of /3 and y. Notice that by (12.221 ), 

drrp/ (x) = rr^ {x). 

Estimate (12.241 ) follows by using Lemma twice . □ 

Now we turn to recall the classical Fefferman-Stein's theorem. Fix a e (0, 2). Let Q*^"-* be the 
collection of all parabolic cylinders 

Qr := (?o, k + r") x{x&Mf -Ax- Xq\ < r}. 

For / e L] (W'^'^), define the Hardy-Littlewood maximal function by 



Mf{t,x):= sup '}r \f{s,y)\dyds, 

QeQ("\{t,x)eQ J Q 



and the sharp function by 



f\t,x):= sup -r \f{s,y)- faldyds, 
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where fq := j)dyd5 = ^Qf{s,y)diyd.s and \Q\ is the Lebesgue measure of Q. One says 

that / e 5MC>(r'+') if e L'"(R''+'). Clearly, / e 5MC>(R''+0 if and only if there exists a 
constant C > such that for any Q e Q'^"\ and for some ag 6 R., 



\f{s,y)-aQ\AyAs<C. 

'Q 

The following theorem is taken from [|24l Chapter 3] (see also [|36l p.l48 Theorem 2]). 

Theorem 2.10. (Fefferman- Stein 's theorem) For p e (\, oo), there exists a constant C = C{p, d, a) 
such that for all f e LP{W^^^), 

ll/llp < CWfX. (2.26) 

Using this theorem, we have 

Theorem 2.11. For q e (1, oo), let ^ be a bounded linear operator from Ui^''^^) to L^(R''+') 
and also from L~(R^+') to BMO{W^^). Then for any p e [q, co) and f e LP(W^^^), 

W^fWp < cii/iip, 

where the constant C depends only on d,p, q, a and the norms ofW^/'Win^i^ and W^Wu^^bmo- 
Proof. Since by [l35l p. 13, Theorem 1], 

\\{£rf)X < 2\\M^f% < c\\^f% < c\vnL^^LA\f% 

and 

ll(^/)'*lloo < II^IIl"^bmoII/IL, 

by the classical Marcinkiewicz's interpolation theorem (cf. Il35l ). we have 

W^fWp^ c\\{^f)X<c\\f\\p, 

where p e [q, oo). □ 

3. A MAXIMUM PRINCIPLE OF NONLOCAL PARABOLIC EQUATION 

In this section we fix a Levy measure v less than v*^"^ for some a e (0, 2), where v'^'*^ takes the 
form (11.81) . and prove basic maximum principles for nonlocal parabolic and elliptic equations 
for later use. 



Lemma 3.1. (Maximum principle) For T > —oo, let b{t,x) be a bounded measurable vector 
field on [T, oo) x R^ and u e C([r, oo); C^(R^)). Assume that for all (t,x) e [T, oo) x R'^, u 
satisfies 

u(t,x) = u{T,x) + I J7u{s,x)ds+ I (b ■Vu){s,x)ds + I f{s,x)ds. (3.1) 
Jt Jt Jt 

Iff < 0, then 



sup sup u{t, x) < sup u{T, x). 

In particular, the above equation admits at most one solution u e C([T, oo); Cl(W')). 

Proof. Let x{x) e [0, 1] be a nonnegative smooth function with xi^) = 1 for \x\ < 1, and 
X{x) = for \x\ > 2. Set for 7? > 0, 

Xr{x) -xiR'^x), 

and for 6 > 0, 

w^(?, x) ■. = XR(x)u{t, x) - 6{t - T). 
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By one sees that for all (t, x) e [T, oo) x R^, 

/^f r*t 

w'j,{t,x) = wi{T,x)+ rwi{s,x)d.s+ {b-Vwi){s,x)ds+ gR{s,x)ds - 6{t -T\ 
Jt Jt Jt 

where 

gR ■ = Xr-Cu - Z^wr - ub ■ Vxr + fXR- (3-2) 
For fixed S > T and 5 > 0, we want to show that for large R, 

sup supw^(f, x) < supw^(r, x) < supM(r, x). (3.3) 

te[T,S] xeW xeW xeK<' 

If this is proven, then the result follows by firstly letting i? — > oo and then 5 — > 0. 

Below, for simplicity of notation, we drop the indexes R and 6. Suppose that (13.31) does not 
hold, then there exists a time e iT,S] and Xq e R"^ such that w achieves its maximum at point 
(to, Xq). Thus, 



Vw(to,xo) = 0, (3.4) 



and 



< lim ^(w(to, xo) - w(to - h, xq)) 



— in — 1 n 

< lim - J7w(s, XQ)ds + lim - (b ■ Vw)(s, XQ)ds 

hiO h J,„_/, hlQ h J,^_h 
1 n 

+ lim- g{s,XQ)ds - 6 =: h + h + h - S. (3.5) 

hlO h J,„. 



Since for all y e W', 

w(to, Xo+y) < w{to, Xq), 

in view of w e C([T,S]; C^(R^)) and by (Q, we have 

— 1 r'" 

Ii = lim - [L^wis, Xq) - L^witQ, X())]ds + £''w(?o, xq) < 0. 

Similarly, for I2, we have 

— 1 n 

h = lim - b{s, Xq) ■ {Vw{s, Xq) - Vw(fo, .^o))d^ = 0. 

HQ h Jt^_,, 

For I2, recalling (|3.2I) and / < 0, by (ii) of Lemma |231 and Lemma we have for some 
7 6 (0, 1), 

|M|Ull^llool|V;rlU 



l3<\kR-C''u-r(XRU)\L + 



R 



^ C(||m|U + IIVmIIoo) l|M|UII^IUI|V;rllo 



Ry R 

where C is independent of R. Choosing R being sufficiently large, we obtain 

I1+ l2+h-6 <0, 
a contradiction with (13.51) . Thus, we conclude the proof of (13.31) . 

Similarly, we also have the following maximum principle. 
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Lemma 3.2. (Maximum principle) Assume A > and b is a bounded measurable vector field. 
Let u e Cl(W'^^) (resp. u e C^(r')j satisfy 

^l^u :=dtu- ru + (b ■ V)u + Au<0, (resp. (A - Du < Oj. 

Then w < 0. In particular, = (resp. {A - JJ)u = Oj admits at most one solution in 

C2(]R^+i) (resp. CliW')). 



Corollary 3.3. Let &eW'andA> 0. Then for any p > I, {dt- T + & -V + A){C^{^^*^)) (resp. 
{A - DiC^iW))) is dense in LP(R^+') (resp. LP{W^)). 

Proof. Let g e Lp^^p~^\W''^^). By Hahn-Banach's theorem, it is enough to prove that if for all 

u e C~(]R^+'), 



/ 



git, x)-idt-r + + A)u{t, x)dxdt = 0, 



then g = 0. Since for any {s,y) e R^'^^ the mapping {t, x) u{s + t,y + x) belongs to C^CR'^^^). 
Thus, we have 

(dr-r + &-V + A){g ★ m) = 0, 
where g -k u stands for (s,y) i-> J^j^, g(t, x)u(s + t,y + x)dydt. By Lemma [X2l ^ ★ w = for all 
MeC~(R''+'), which yields that ^ = 0. □ 

4. L^(R; L''(R'^))-MAXiMAL regularity for nonlocal parabolic equation 
Let e C~(R; R'^ be a time dependent vector field. For s < t, set 

, := ^{r)dr. 

Let V be a Levy measure and satisfy (|2.21l) . For / e iSCR''), define 

T;'J(x):=Ef{x-e,, + LlJ = PlJ(x f f(y)pl,(y-x + e,,)dy. (4.1) 
By (|2.22l) . one has 

d,TlJ(x)= [ f(y)drplAy-^ + &us)dy+ [ f(y)i&, ■VpU){y - x + e,,)dy 

= r f(y)(r*pU){y-x + e,s)dy-&r-^ f fiy)plAy-x + e,Jdy 
= rVJix) - &, ■ VTlJ{x). (4.2) 
For i > and / 6 S{W^^^), define 

u{t,x):= r e-'^'-'^riJ{s,x)ds, 

\J —DO 

then it is easy to check by (14.21) that u e C^(R''^') and uniquely solves 

dtu -ru + &-Vu + Au = f. (4.3) 

Remark 4.1. Let Vi and be two Levy measures. Let (L)'');^^ and (L)'^)(gR be two independent 
Levy processes associated with vi and V2 respectively. Then it is clear that 



/■tVi+V2\ (jVl rV2\ 

Thus, we have 

TirV(x) = ri.PZf^^ - ®t,s) = E(pZf(x + (Lr - 0,o) - (L:' - ©,,0)). (4.4) 
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The main aim of this section is to prove the following L^(R; L^(R''))-regularity estimate to 
the above u when / e L^(R; LP(W^)). 

Theorem 4.2. For a e (0, 2), let vf\ i = 1,2 be two Levy measures with the form l\1.8]l . where 
vf ^ is nondegenerate in the sense of Definition 12. (51 Let vi and V2 be two Levy measures and 
satisfy that 

and for allO < r < R < +oo, 



^ (a) ^ {a) 



1 



£.=1 I yvii^y) = 0. 



be a bounded measurable function, and Ttl be defined by M. 1 1) . Then for 

1 ' ^2 



Let § : 
my p,i 

-oo<r<5<oo, / £ L%{T, 5 ); LP{W^)) and A>0, 



any p,q & there exists a constant C = C{v''^^ ,vf\a,p,q,d) > such that for any 



f -C^ f I 

Jt Jt 



e-'^'-'^Vjf(s,-)ds 



d?<C J mt,-)\\ldt. 



Proof. By replacing f(t, x) by f(t, x)l^T,s)(t)^ it is enough to prove that 



CO •nJ —CO 



e-'^"'^V'J{s, ■)ds 



f 

•nJ —I 



dt<C \\f{t,-)\\ldt. 



(4.5) 



(4.6) 



We divide the proof into seven steps. 



(a) 



(Step 1). Let (Lf ' )fgiR be a J-dimensional Levy process associated with the Levy measure 
vi - vf \ By (|4!4l) . we have 

f e-'^'-'X?Jis, -^)d* = f e-^('-^'V;:7'"V;r/(*, -^)d5 = Eu(t, X + L;'"''"' - 0,o), 

kJ —OO %J —OO 



where 



u(t, x) := f e-^^'-'^rSj[s, X - lI' + 0,,o)d5. 

\J —CO 



Suppose that (14.61) has been proven for vi = Vj . By Fubini's theorem and Minkowski's in- 
equality, we have for / G <S(R'^^^), 



DO %J —a 



e-'^'-''Tllf{s,-)ds 



dt 



(cc) 

Ei:^^M(r,-+L;'"'' -0,0) 

CO 

i29i r"" 

d?'-=-'E I \\r'u{t,-)\\l^t< 



dt 



Te r^M(?,- + L:'-^'"'-0,o) 'dr'pE r 

U —00 p u —I 

\\f(s, ■ - C"'' + 0,,o)|r'd^ = C ||/(^, Oll^d^. 

CO P U —00 



Hence, we need only to prove (14.61) for vi = and = 0. Below, for simplicity of notation, 
we write 

^:=r\ £:=r\"\ vr-^rf, <Ai = (A,(<'), <A2 = 'Av,. 

(Step 2). Let us firstly prove gj) for p = ^ = 2. For / e <S(R^+'), let f{s, ■) = r/(^, •)■ By 



2.11) . the Fourier's transform of Vtf is clearly given by 
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By Parseval's identity and Minkowski's inequality, we have 

2 



CO — oo 



-A(t-s) 



r^-jis, ■)ds 



dt 



oo JW' J -co 



k2 



J-oo Jwl \ J~oo I 

™ ^ r r (i^r f .-|^|"^--'V'(.,aid.f d^d. 

\J —CO %JW^ \ %J —oo I 



|^re-'^'l^l"l/a-^,^)|d5 d^dt 
CO Jr'^ \ Jo / 



kI r r 



\fit,^fdtd^ 



J -a 



mmidt. 



Since S(W'*^) is dense in L^CR^+i), (gill) follows for p = q = 2. 
(Step 3). For / e L^CR'^+i), define 



( 1,^-00 



-A(t-s) 



Pt- Jis, ■)ds\ix) 



We want to show that 

: L°°(R^+^) ^ BMO(R''^^) is a bounded linear operator. 



(4.7) 



More precisely, we want to prove that there is a constant C > independent of A such that for 
any / 6 L°°iR'^+^) with ||/|U < 1, and any parabolic cylinder Q = {to, to + f) x 5,(jco), 



\Q\L 



\^f(t,x)-aQ\'^dxdt < C, 



(4.8) 



where Gq is a constant depending on Q. 

By shifting the origin, we may assume to = 0,xo = 0. On the other hand, by the scaling 
properties (11.41 ) and (12.101 ), if one makes the following change in (14.81 ): 



V2iB) ^ r''v2irB)), f{t,x)^f{r"t,rx\ A ^ Ar\ 
then we may further assume r = 1. Thus, it suffices to prove that for any / e L°°(R''^^) with 

ll/IU < 1, 

I \3'f{t,x)-aQ,\^dxdt<.C, 

where Q[ = (0, 1) x B[ and C = Civf\ v''2\ a, d) is independent of V2 and A. 
Following Krylov [.22 J . we now split J^/ into two parts: 

^/(?,X) = ^/(?,x) + ^2/(?,^), 

where for {t, x) e (0, 1) x 5i, 



^i/(? 



,.):=^(£ 



e-'^('-^)n-./(^, Od^Kx), 
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^r^fit, X) := ^ U e-''''''rt-J{s, Od^j {X). 

(Step 4). In this step, we treat S/'\f. Let fs{t, x) := f*pe(t, x) be the mollifying approximation 
of /, where is the usual moUifier in R''"^^ Define 

u,(t,x) := J e''^'''^'Pt.,Us,x)ds, 

u{t,x) := J e-'^^'-'^rt-sf{s,x)As. 

By definition (14.11 ) and ll/IU < 1, we have 

\ue{t,x)\ < 2, V^,;*;) e [-1, 1] X R^, (4.9) 
and by the dominated convergence theorem, 

lim I I \us{t,x)-u{t,x)'^dxdt = Q. (4.10) 
'^-'"Jo Jb, 

On the other hand, by Lemma 1^31 for any /3 e [0, or A 1), we have for all ? e [-1,1], x, x' e R'', 
\ue(t, X) - Usit, x')\ < I I \p,-s(y -x)- pt-siy - x')\dyAs 

J -I Jr'' 



>J3t / 

< l''/" j {\x-x'\ jjVpr^,(y)\dy\ ds 

12251 „ r' 

- x'f J (t- 



< C\x-x'f J (f-^)-^^"'d5<C|x-Jc'r. (4.11) 

Moreover, as in the beginning of this section, since fs e C'^{W''^^), by (14.21) and Lemma ISTl 
one sees that Ue e €"^{[-1, oo) x R''+') uniquely solves 

dtUe - £ue + Aus = /e, Ue(.-1,x) = 0. 

het X be a nonnegative smooth function with^(x) = 1 for \x\ < 1 and;t'(jc) = for \x\ > 2. 
Multiplying the above equation by x, we obtain 

dtiUeX) = {£us)x - AueX + feX = J^iu^x) - A{UeX) + gl, 

where 

^ := x-Cue - £{UeX) + fsX- 
Since has compact support, we have for each t e [0, 1], 

^(r,-)eCr(R'). 
Thus, by Lemma [3711 again, one has the representation 

{uEx){t,x) = e-'^'-'^'Pt-.gi{s,x)ds. 
Moreover, by (1491) . (14.111) and (ii) of Lemma [231 

||^(?, ■)\\ldt < c |^ri:i/.(0 - £iuE{t)x)\\ldt + 
Here and below, the constant C is independent of s and /I. 
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As in Step 2, by Fourier's transform again, we have 

nr*l p pt-V 1 
\££{u,x){t,xt^x^.t<.,^^ 1^1 
Jo Jr'' Jo 



( /-I 





We 



1/2 N 



1/2 ^ 



d^ 



Jr'' J-1 



Thus, by ( 1431 ). ( 14.101) . (14.111) and (ii) of Lemma [231 again, we arrive at 



/ 

Jqi 



Jqi 



xy^d.x6.t < sup 




< sup 

es(0,l) 



1,1) Jo Jr"* 



£€(0,1) Jo JBx 
,|2, 



\S£uJyt,x) ■xixfd.xd.t < C. 



(Step 5). In this step, we treat .5^/ and prove that for some aq^ € R and some constant C > 
independent of /I, 



r i^2/a, 

Jgl 



x) - ag, I dxd? < C. 



(4.12) 



Note that by (I4T1) . 

e'''5^2/(?,-^)= r r /(^,y)^>,-.(y-x)d3;d^ =: 55/(?,x). 

J-co Jr"* 

In view of /I > and H/IU < 1, by (12.231) . we have for some 6\>\ and any (?, x) e [0, 1] x W', 



\V^,f(t,x)\< 




\J — oo 



^)"'^'d5 < C, 



and by (12.241 ). for some 62 > I and any ? 6 [0, 1], 



|55/(?,0)- 55/(0,0)1 < 




--1 




-co JRd Jo 

-1 nt 




|^>,-,(j) - ^>_,(3;)|d3;d5 
\d,-^*p,.,,(y)\drdyds 
(r - ^)-^Mrd^ < C. 



00 Jo 



Hence, 
and 



\^,fit, X) - 5^3/(0, 0)1 < C, V(?, X) e [0, 1] X 5i, 



/ 

Jqi 



|5'2/(?, X) - e--*' 55/(0, Ordxdt < C. 



If /I = 0, we immediately have (14.121) . Now let us assume A > 0. In this case, by Lemma [241 
and (12.251) . we have 

^1 



[=^3/(0,0)[< r e'^lf \^*p.,(y)\dy]ds<C [ e'^ds = 

J-co \Jr'' / J-00 
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Ce-yA, 



where C is independent of A and /. So, 



/ 



1(1 -e"-^') =^3/(0,0) rdxd?< 



c 



(l-e-")-drs:|. 



where we have used that 1 - e'" < s for all s > 0. Thus, we obtain (14.121 ) with = ^/(0, 0). 

(Step 6). Combining the above Steps 3-5, we have proven (14.71) . By Step 2 and Theorem 
12.1 11 we get (14.61) for p = q e[2, oo). Asforp = qe (1,2), it follows by the following duality: 
Let g e C^(R'^^^). By the integration by parts formula and the change of variables, we have 



'Pr-J{s,-)ds\{x) ■ git,x)dxdt 



J-co jRd \ J-oo 

= f f f(t,x)l^* f e-'^'-'^ri,g(s,-)ds](x)dxdt, 

J-co jRd \ J-co I 

where =Sf* is the adjoint operator of ^ and V*fg{s, x) := Eg(5, x - L/ ). 

(Step 7). For q p & (l, oo), we use a trick due to Krylov ||23l . Clearly, it suffices to prove 
that for any T > -oo and / e C^{[T, oo) x r'), 

^ e~'^'-'^P,.J(s,-)ds dt<C ||/(?,-)ll^d?, (4.13) 
T Jt „ Jt 



where C is independent of T. 
Set 



u{t,x) := ^ ( 



-A{t-s) 



Pt-sf(s, x)ds, w{t, x) := ^u(t, x). 



By (14.21) . one can verify that w 6 C([r, oo); C^(R'^)) and uniquely solves 



d,w -£w + Aw = ^f, w(T, x) = 0. 
= (x\,--- ,x'j eR^ define 
U(t, X) := w(t, x^)--- w(t, x"). 



Vox x = {x\-- - , x") e W' with x' = {x\,-- - , x'^) e R^, define 



Then 



d,U -£U + nXU = F, U(T, x) = 0, 
where X is defined by (12.201) and 



F(t, ^ = J] -^x-GKt, f), G\t, f) = fit, x') W w{U /). 



i=\ 



Hi 



Here means that ^ acts on the component x^ of x. By the maximum principle, the unique 
solution U can be represented by 



Uit,x) 



Pt-sG'is, x)ds, 



where {'Pt)t>o is the semigroup associated with X. 
Thus, by Step 6 and Minkowski's inequality, we have 



/-»oo /~*O0 /~*oo r* 

\\^u(t)\r/dt= \\w(tW/dt= \U(t,^\PdMt 
Jt Jt Jt Jr'"' 

^ n I poo p pt 

y e-'^'^'-'^r.-^GU^d, 
,7rr\Jr Jw^ Jt 



dxdt 
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y iGU-?)Rfdf 

\Jt Jk'"' 

\\f(tx\\^u(t)\\';:-'^"dt 

1 , 

n \\^u(t)r/dt 



From this, we get that for any n eM and p > I, 

W^uitX^dt < (Cnf ||/(OII7d?. 

Thus, by Marcinkiewicz's interpolation theorem (cf. llBSl ). we get (|4.13l) for any q> p. The 
case q<,p follows by duality as in Step 6. The whole proof is complete. □ 

We have the following important comparison result between two different Levy operators. 

Theorem 4.3. Keep the same assumptions as in Theorem \4.2\ For any p e {1, oo), there exists 
a constant C > such that for all u e S(W^) and Ai,A2 > 0, 



WW - A2)u\\p < c|l + ^y^r^ - Ai)u\\,. 

In particular, 

Proof. For u e SiW'), set 

By Fourier's transform, it is easy to see that 



(4.14) 



(4.15) 



u(x) 



Jo 



e-^'"P]'f{x)dt. 



Define 



Then 



ut{x) 



T L L 



u{x) - Ut(x) 



e-^'^'-'^P';iJix)dsdt = [ 

Jo 



T -t 



e-^"r]' f{x)dt. 



e-'^"P:V(x)dt+- te-'^'r/f(x)dt. 



In view of||^r/||p<||/||,„ we have 



\U - UtWp < 



e-'''dt+- te-'"dt\ = \\f\\,iA 



-,'e-'^^ + AfT-'). 



(4.16) 



On the other hand, by (|4.5I) we have 

< cwfw; + 



Jo 



W-A2) I e-'^''-'-'^r';iJi-)ds 
2P-1 rT 



dt 



2 I e-'^^'-^fWpds] dt 



< c|i + i|j 11/11^ = + ^) IK^''' - 
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which together with (14.161) yields (I4.14I) . As for (14.151) . it follows by firstly letting A2 i and 
then Ai 10. □ 

In the remaining part of this paper, we make the following assumption: 

(Ht"^) Let vf, / = 1, 2 be two Levy measures with the form (11.81) . where Vj"^ is nondegenerate 
in the sense of Definition 12.61 Let v be a Levy measure satisfying (11.71) and 

(a) ^ ^ (a) 
V j < V < V2 . 

Let Sl'^iJJ) be the domain of JJ in L^-space, i.e., 

S)\r) := {m e U^^) : \\ru\\p < +00}. 

For a ^ and p> \, the Bessel potential space is defined as the completion of iSCR"^) with 
respect to the norm: 

11/11;^ := \\(l - t^fu\^\\u\ + \\{-t^fu\. 
Notice that for A: e N and p > 1, = W^ ^ (see [l35i pl35. Theorem 3]). 

Corollary 4.4. Assume (H^"^) with a e (0, 2). For any p > 1, f e U\W') and A > 0, the 
equation (J7 - A)u = f admits a unique strong solution u e H"''^. In particular, for any p > I, 
^P{D = M^'P and 

\\ru\\p^\\(-A)^u\\p, (4.17) 

and ifa= 1, then 

wruWp^wvuWp. (4.18) 

Proof. Let v^"' be the Levy measure associated with (-A)? (see (12.81) ). In Theorem 14.31 let us 
take vi = vf\ vi = v and v\ = v, V2 = Vq"'' respectively, then there exist Ci, C2 > such that for 
any u e SiR'') and ^1, ^2 > 0, 

||((-A)? + A2)u\\p < Ci |l + IKX'' - AOuWp, (4.19) 

IKX" - A,)u\\p < C2 |l + ^ j ||((-A)? + A2)u\\p. (4.20) 
For A>0 and / 6 LP(W^), by Corollary [331 there exists a sequence m„ e CJ^(]R'') such that 

{r - A)Un ^ f. 

By (14.191) . u„ is a Cauchy sequence in H"'^. Let u e W-p be the limit point. By (14.201) . one finds 
that {£" - A)u = f. As for (BTTTl) . it follows by (14.151 ). and (BTTEl ) follows by the boundedness 
of Riesz transform in L'^-space (cf. [|35l Chapter III]). □ 

Corollary 4.5. Assume (Hy"^^) with a e (0,2). Then for any p > I, {P])t;s,() forms an analytic 
semigroup in Lp -space. 



Proof. By [|T5l Theorem 5.2], it suffices to prove that 

\\rr:f\\p<ct''\\f\\p, t>o, fev\W). 

By (1331), we have for any / e S{W'\ 

(a) _ (ff) 

Thus, by (12.251) . we have 

IIA^;/II,, < ct-i\\rr'"' fWp < cri||/iip. 
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Since S(W') is dense in LP(W'), we further have for any / e LPiW), 

\\Ap:f\\p<ct-h\f\\p. 

Now, by (14.181) and the Gargliado-Nirenberge's inequality (cf. [6", p. 168]), we have 

where C is independent of t and /. □ 

5. Critical nonlocal parabolic equation with various coefficients 

In this section we assume (Hy^^) with critical index a = 1. For simplicity of notation, we 
write 

£ = r. 

Consider the following Cauchy problem of the first order critical parabolic system: 

dtU = £u + b-'Vu + f, u(0) = (f, (5.1) 

where u = (u\ - ■ ■ ,u'"), f : xW' —> R"\ (p : ^ W" are measurable functions, and 
: X R'' — > W' is a bounded measurable vector field and satisfies 

\b(t,x)-b{t,y)\^cohi\x-y\), (5.2) 

where cu^ : ^ R^ is an increasing function with lim4o ojb(s) = 0. 

For obtaining the optimal regularity about the initial value, we need the following real in- 
terpolation space: for p > I and e (0, 1), let W^-^ be the real interpolation space (called 
Sobolev-Slobodeckij space) between Lp and W^'^. By [|T7l p. 190,(15)], an equivalent norm in 
^f^'P is given by 

We remark that for p > 2, ^ c W^'^, and for p < 2, W^-'' c H^''' (cf. [EH p. 155, Theorem 5 
(A) and (C)]). Moreover, by Sobolev's embedding theorem (see If37l p.203, (5)]), if /3p > d and 
/3-jis not an integer, then 



'P^^'^-r, (5.4) 

where for y > 0, is the usual Holder space. 

Let us first prove the following important apriori estimate by using the classical method of 
freezing coefficients (cf. f24\). 

Lemma 5.1. For given p e {l,oo), let f e L^^(R+; L^(R''; W)) and 

u e C(R,;; W'"^-''(R''; R*")) n Lf^^(R+; W''''(R^; R™)). 
Assume that (Hy ^) and 0.21) hold, and u satisfies 

d,u(t,x) = £u(t,x) + b(t,x) ■Vu{t,x) + f(t,x), a.e. (t,x) eW^ xR''. (5.5) 
Then for any T > 0, 

sup iKoii; , +r \\vum\';dt<c(i + TP)e^^""{\\um\': . +[ imWpdt], (5.6) 

fe[0,r] p'P Jo \ p'P Jo I 
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(5.7) 



where the constant C depends only on p,d, \\b\\oo, the modulus function cof, and the Levy mea- 
sures vf\ i = 1, 2. Moreover, u also satisfies the following integral equation: 

u{t, x) = rMO, x)+ f Pt-sibis) ■ Vuis))(x)ds + f Pt-sfis, x)ds, 
Jo Jo 

where Pt is the heat semigroup associated with X. 
Proof. Let (Pe)se{o,i) be a family of moUifiers in W'. Define 

:= u{t)*p^, bsit) := b{t) * p^, f^it) := f{t) * Pe. 
Taking convolutions for both sides of (15.51) . we obtain 

dtUe(t, X) = -CUsit, X) + bsit, X) ■ VUeit, x) + F^it, x), 

where 

F^{t, x) := {{b{t) ■ Vu{t)) * p^](x) - bsit, x) ■ Vu^it, x) + f^it, x). 
Moreover, by Duhamel's formula, one sees that 



(5.8) 



Me(?, X) = P,Ue(0, x) + 



Jo 



,(^e(5) • Vu^(s))(x)ds + 



Jo 



,Fe(5, X)ds. 



(5.9) 



By the assumptions, it is easy to see that for all £ e (0, 1), 

\bs(t, x) - be(t, y)\ < oJbQx - y\), \bs(t, x) - bit, x)\ < cotis), 
and ^ 

lim f \\F,(t)-f{tXdt = 0. 



Taking limits for both sides of (15.91) . one finds that (15.71) holds. Below, we use the method of 
freezing the coefficients to prove 

suplMOII^+r \\VuM\'dt<C{l+Tne^^''''(\\uM\\': , +cf ||F,(OII>), (5.10) 

te[0,T] Jo \ P''' Jo / 

where the constant C is independent of e and T. 

For simplicity of notation, we drop the subscript s below. Fix 6 > being small enough, 
whose value will be determined below. Let ^ be a smooth function with support in and 
||^||p = l.ForzeR^ set 

Multiplying both sides of (15.81) by we obtain 

driuQ = i£uX, + (b ■ Vu)^, + = £iu^,) + t ■ ^{uQ + gi, 
where i9?(0 := b{t,z) and 

gi := {b - &'^) ■ V(uQ - ub ■ V4 + i£uX, - £(uQ + F^. 
By Lemma l3n can be uniquely written as 

uat,x) = rf~{umz){x)+ r rf}gi{s,x)ds, 

Jo 

where Tf; is defined by (14.11) through Thus, we have 

r muQ{t,%dt<i'"' r \\^T^{umz)rpdt+2p-' f v f 

Jo Jo ' Jo Jo 



gi{s, ■)ds 



dt 



h{T,z) + hiT,z). 
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For /i(r,z), by Corollary 14.51 and IITTl p.96 Theorem 1.14.5], we have 



14181 

< C 



r iivr;j(M(0)4)ii^d? 'P r vwo)4)(-- r ^'(^)d^) d?= r iiv^,(i<(0)4)ii^dr 

Jo ' Jo \ Jo / p Jo 

T iii:wo)4)ll^df<ciKO)4ii; , . (5.11) 

Jo P'' 

Here and below, C is independent of T. Thus, by definition (15.31) . it is easy to see that 

r /i(r,z)dz<c r IK0)4li; , dz < c(iKO)|i; ii^li;^ + IKO)|ip^li; ). 



For /2(r, z), by (|4.18l) and Theorem 14. 2 [ we have 



h{T, zXC { Uiis, -WpAs < C r ||((Z7 - • V{uQ){s, -WpAs 
Jo Jo 

+ C r ||(M^-V4)(5,-)ll^d5 + C r ||Fa^,-)li;d^ 
Jo Jo 

+ C r \\iUuX,-£{uQ)is,-)\\lAs 
Jo 

= : /2i(r,z) + h2iT,z) + /23(r,z) + /24(r,z). 

For/2i(r,z), by dH and = 1, we have 



r /2i(r,z)dz < Ca;^(5) r r ||V(i<4)(^,-)ll^dzd5 

Jr'' Jo Jr'' 

<CojI{6) r ||Vi<(5)||^d^ + Ca;^(5)||VZ:||;^ r ||i/(^)||^d^. 
Jo Jo 

For I2a{T, z), by (i) of Lemma [231 we have 

r /24(r,z)dz<c r iii<(*)ii^d*+c r iMii^/^n^^^^^nwad,. 

Jr"* Jo Jo 

Moreover, it is easy to see that 

r /22(r,z)dz<c||Z>||^||v^||^ r iK^)||^d^, 

Jr'' Jo 

r /23(r,z)dz<C r ||F(^)||^d^. 
Jr'' Jo 

Combining the above calculations, we get 

r \\vu{sWpds= r r iivM(5)-^ji;^dzd^ 

Jo Jo Jr"* 



C r ||V(M4)(^)||^dzd^ + 2''-i||V^||^ ri|M(^)ll^d^ 
Jo Jr'' Jo 

< C\\uiO)\f , ^ + CojliS) r \\Vu{s)\\Pds + C r Ms)\\Pds 
p'' Jo Jo 

c r iiVi.(^)iif d^+c r iiF(^)ii^d^. 

Jo Jo 



+ 

Jo 
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Using Young's inequality and letting 6 be small enough so that Cct»^(5) < ^, we arrive at 

r iivK*)ii^d5 < ciKO)ii; , +c r \\um';^s + c{ wrm^pd^s. {sad 

Jo '''^ Jo Jo 



On the other hand, by (15.91 ). it is easy to see that 

\\u{t)\%<C\\um\l + Cf-'\\b\\l r \\Vu{s)\\lds + Cf-' {\\F{s)\%ds, 

Jo Jo 

which together with (15.121) and Gronwall's inequality yields that for any T > 0, 

supiKoii^+r iiVi/(5)ii^d^ < c(i + rv^"" (iKO)ii; , +r iiF(^)ii^d^). 

^£[0,7-] Jo \ f''^ Jo / 

Thus, we conclude the proof of (15.101) . and therefore, 

^ ||VM(^)||^d5<C(l+r>^^""|lK0)||; ,^^ + ll/Wll^d^j. (5.13) 
Lastly, we show (15.61) . From equation (15.51 ) and using estimate (15.131 ). we have 

r wdrum'pAt^cif \\£u{t)\\';At + \\b\\i\ \\vu{tWpAt+ \ mWpA^] 

Jo \Jo Jo Jo / 

< cui + mo \m(txdt+ wmiM 

< C(l + rOe^^"" (ll"(0)lli_i,, + Il/(^)li;^d5j . 
Noticing the following embedding relation (cf. [HI p. 180, Theorem III 4.10.2]) 

LP([0,r],W''O n W^'P([0, T],L'') ^ C([0,r];W^"^'O, 

we have 

sup \\u(t)f. <c(r \\dMt)m+ f Mm'idt] 

te[0,T] P'P \Jo Jo / 

< C(l + r")e^^"' (ll"(0)li;_,^ + ll/(^)ll^d^j, 

which together with (15.131) yields (|5^ . □ 
Before proving the existence of strong solutions to equation (15.11) . we recall a well-known 

fact (cf. ttni, ma). 



Theorem 5.2. (Feyman-Kac formula) Let v be a Levy measure 

/ e L[^^(R+; W°°(]R^; W")). For any (p e W"'(W'; W"), there exists a unique u 6'c(R+; W°°(]R^; R"')) 
satisfying 

u{t, x) = ip{x) + I I7u{s, x)ds + \ (b ■ Vu){s, x)ds + j f{s, x)diS. 
Jo Jo Jo 

Moreover, u(t, x) can be represented by 



u(t, X) := E(p(X.,^o(x)) + E ^ J fi-s, X_,,(x))d5 \,t>0, (5.14) 

24 



where {Xt s{x), t ^ s ^ 0,x e W^} is defined by the following SDE: 

X,^,(x) = ^ + b(-r,XtAx))dr + dL^, ? < ^ < 0. 

We are now in a position to prove 
Theorem 5.3. Assume (Hy ^) and d5.2D . Let p e (l,oo) and 

Then there exists a unique u e C(R+; W^"p'''(]R^; R™)) n Ll^iR+;W^'P(W'; W")) satisfying equa- 
tion (1531). 

Proof Let b^, fe and (fe be the mollifying approximations of b, f and (p: 

bs{t, x) := b(t) * pe(x), fs{t, x) := f{t) * p^ix), ips{x) : = (p * p^ix). 

By Theorem 15. 2[ there exists a unique u^ e C(R.q ; W^CR."^; R.'")) satisfying the following equa- 
tion: 

Ui;(t,x) = (pi;(x) + I £.Ui;(s, x)ds + | b i.(s , x) ' V u i;{s , x)ds + I fi;(s,x)ds. (5.15) 
Jo Jo Jo 

First of all, by Lemma [5TT1 we have the following uniform estimate: for any T > 0, 

sup iMoii; . +r wvuMfpdt^clm". +[ imWpdt], 

te[0,T] p'P Jo \ P'' Jo / 

where C is independent of s. 

Noticing that We^g/ := We - u^' satisfies 

by Lemma [STTI again, we also have 

sup +r \\VweAsWpds<C\\ipe-<pA% +c [ ms)-fAsWpds 

te[0,T] P'P Jo P'P Jo 

+ C sup \\be{s)-bAs)\\l r ||VM,-(^)||^d^. 

ie[0,r] Jo 

On the other hand, by (15.21) . it is easy to see that 

sup \\be{s) - bAs)\L < 0Jh{s) + a>/,(e'). 

s>0 

So, for any T > 0, 

lim ( sup , + r W^WeAsWpd^ = 0, 

and there exists awe C(R+; W^~^'''(R^; R™)) n Lf^^CR^; W^'P(R^; R™)) such that for any T > 0, 

limfsup , +r ||Va,(5) - VM(5)||^d5) = 0. 

£^0\fe[0,r] ^''^ Jo / 

By taking limits in L^-space for (|5.15l) . one finds that for all ? > and almost all x 6 R'', 

u{t, x) = ip{x) + I Jlu{s, x)ds + I Z^Ci', jc) ■ Vu{s, x)ds + I x)ds. 
Jo Jo Jo 

The existence follows. As for the uniqueness, it follows from Lemma [5TT1 □ 
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Now we present an application by proving a Krylov's estimate for critical diffusion process: 

Xf = Xo+ r b{s,X,)ds + Lt. (5.16) 
Jo 



Theorem 5.4. Assume (Hy ^) and 0.2D . Then there exists a solution to SDE 0.7(51) such that for 
fixed To > and any p > d + \, stopping time t, T S < Tq and f e L^dT, S ] x R''), 

-Sat \ 

fis,X,)ds ^tJ < C||/||i.([r,s]xR<'), (5.17) 

'Tat I 

where C is independent of f and r. Here, a solution to equation 0.7 (5P means that there exists 
a probability space (Q, ^ , P) and two cddldg stochastic processes and L, defined on it such 
that 0.7(5P z^' satisfied, and is a Levy process with respect to the completed filtration '■ = 
cr^{Xs, Ls, s < t], and whose Levy measure is given by v. 

Proof. Let b^it, x) : = b{t) * Pe{x) be the mollifying approximation of b and let Xf solve the 
following SDE: 

Xf=Xo+ [ bs{s,X'^)ds + L,. (5.18) 
Jo 

It is by now standard to prove that the laws of {(Xf, L,),;,o, s e (0, 1)} are tight in the space of all 
cadlag functions (for example, see [|39l ). Thus, by Skorohod's representation theorem (cf. [[T9l 
Theorem 3.30]), there exist a probability space still denoted by (Q, P) and cadlag stochastic 
processes (Xf, Lf ),^o and (Xt, Lt)t^Q such that (Xf , ) almost surely converges to (X,, L,) for each 
t > 0, and 

Xf=Xl+ r b,{s,X',)ds + Lf. 
Jo 

By taking limits for equation (15.181 ), it is easy to see that {X,, L,) is a solution of SDE (15.161 ). 
Fix / e C~(R+ X R^) and Tq > 0. Let u^t, x) e C(R+; C~(R^)) solve the following PDE 

dfUs - £us - bsiTo -■,•)■ = -/(Tq - ■, •), "^(0) = 0. 

Set 

Ws(t, x) = Ue(To -t,x). 

Then 

dtWe + + b ■ Vw£ = /, w(To, x) = 0. 
Let T be any stopping time. By Ito's formula (cf. [2, Theorem 4.4.7]), we have 



J Tat 



Ws(t,Xf) = w(T A T,Xj^^) + (d.Wsis) + £ws{s) + b^is) ■ Vwe(5))(Z^)d5 + a martingale 



= w{T A T, Xj^^) + I f{s, Xl)diS + a martingale. 

Jtat 

Taking the conditional expectations with respect to ^tat and by the optional theorem (cf. [fT9l 
Theorem 6.12]), we obtain 

pSAT \ 

f{s, X^)d5 ^TAT = e(w{S a T, XI^^)\^tat) - w(T A T, Z^^,). 
On the other hand, since 

\bs(t, x) - be(t, y)\ < cobQx - y\), 

by (|54l ) and (1531 ). we have 

sup ||M£|U<C sup \\Usit)\U-ip<C\\f\\D'i[T,S]xKd), 
te[T,S] te[T,S] ^ 
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where the constant C is independent of s. Hence, 

-Sat \ 

/(5,X:)d5 ^^Ar U C||/|L.([r,S]xR'')- 
Tat / 

Since / 6 C;^(]R+ x W'), estimate (15.171) now follows by taking limit e ^ 0. For general 
/ G L^iiT, S ] X W'), it follows by a standard density argument. □ 



6. Quasi-linear first order parabolic system with critical diffusion 

In this section we study the solvability of quasi-linear first order parabolic system with critical 
diffusions. Let us firstly recall and extend a result of Silvestre [,32,| about the Holder estimate of 
advection fractional diffusion equations. 

Theorem 6.1. (Silvestre ^) Assume thatb e L'»([0, 1]; C'^iW'; W')) andf e L°°i[0, 1]; C^(R^)). 
For given a > 0, let u e C([0, 1]; C"(R'^)) satisfy that for all (t, x) 6 [0, 1] x W', 

u(t,x) = u(0,x) - a I (-A)^u(s,x)ds + I b(s, x) ■ Vu(s, x)ds + I f(s,x)ds. (6.1) 
Jo Jo Jo 

Then for any y e (0, 1), there exist a fi e (0, 1) and C depending only on d, a, y and ||Z?||oo such 

that 

sup imW^, < C(||i/|U + ll/IU + \\u{0)\\w\ (6.2) 

f6[0,l] 

where \\u\\^fi := sup|^_y|^i \u{x) - u(y)\/\x - yf. 

Proof. By [l32l Theorem 1.1], there exist a /3q e (0, 1) and C > depending only on d,a and 
||Z7||oo such that 

||m(OIU < Cr^^dlt^lloc + ll/IU), t G (0, 1]. (6.3) 
Recall the following probabilistic representation of u(t, x) (see Theorem |5l2l ): 

u(t, x) = Eu(0, Z_,,o(x)) + E I f(-s, X_,,,(x))d5j , te[0,\], (6.4) 

where {Xtjx), -1 <t ^ s <0,x e W'} is defined by the following SDE: 



Xt^,{x) = ^ + j b(,-r,Xt,r(x))dr + J dL,, -1 < f < 5 < 0, (6.5) 

where (Lf),^() is the Levy process associated with (-A)5. 
By (|64l ) and (1631 ). we have 

\u(t, X) - M(0, x)\ < \\u(0)\\wmX-uo{^) - xW + ?II/IU 

< IKO)lk.(?^ll^lloo + E||L.,ir) + ?||/|U 

^ MO)\\^y(t^b\\o. + ?^E||L„i|r) + ?||/|U 

< ?^(||KO)lk.(||^IU +E||L_iir) + II/IU). (6.6) 

For given x,}; e R'' and t e (0, 1], if t > \x - y\^, then by (|6.3I) we have 

\u(t, X) - uit, y)\ < C\x - /°/'(||m|U + ll/IU); 
if ? < |x - y|5 , then by (16.61) we have 

\u(t,x) - u(t,y)\ < |M(f, x) - u(0,x)\ + \u(t,y) - u(0,y)\ + \u(0,x) - u(0,y)\ 

< 2\x - 3;r^'(||K0)lk.(II^IU + EIIL.1 ID + II/IU) + \x- yniKO)!^.. 
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Estimate (16.21 ) now follows by taking (3 = min(y,ySo)/2. □ 

Notice that the proof of Silvestre |!32l seems strongly depend on the scale invariance of (-A)^ . 
Below, we use probabilistic representation (16.41) again to extend Silvestre's Holder estimate to 
the more general Levy operator (not necessary homogeneous). Consider the following Levy 
measure 

_aCy) 

\y\- 

where a{y) is a measurable function on and satisfies that 

ci < aiy) < C2, 

and for all < r < < +oo, 

/r<|yKR \y\ 

Let X,^ be the Levy operator associated to v. We have 

Corollary 6.2. Assume that b e L~([0, 1]; C~(]R^; r')) anJ / e L-^CLO, 1]; C~(]R'')). For given 
(f 6 C^CR''), u e C([0, 1]; C^(R^)) satisfy that for all {t, x) 6 [0, 1] x R^, 

u(t, x) = (fix) + I J7u{s, x)ds + I b{s, x) ■ Vu(s, x)ds + I f{s, x)ds. (6.7) 
Jo Jo Jo 

Then for any y e (0, 1), there exist a J3 £ (0, 1) and C depending only on d,Ci,y and ||Z?||co such 

that 

sup \\um^, < C(||/|L + II^IU + mi'Hy). (6.8) 

(£[0,1] 

Proof. Define 

vo(dj) := c,dy/\yf^\ v,(dy) := v(dy) - vo(dy) = (a(y) - ci)dy/\yf^\ 

Let (L]°)t(iO and (Lj'')f^o be two independent J-dimensional Levy processes with the Levy mea- 
sures vo and Vi . Then we have 

m)K0 = {L^t° +^r)Ko- 

Recall the probabilistic representation (16.41 ) of u{t, x), where {X, ^.(a:), -1 <?<5<0, R''} is 
defined by the following SDE: 



X,,(x) = ^ + J b{-rMx))dr + J dL;° + J dL;', -1 



Let D([-1,0]) be the space of all cadlag functions £ : [-1,0] ^ R^. Below, we fix to e [0, 1] 
and a path i e D([-l, 0]). Let Yt,s{x, I) solve the following SDE: 

Y,,,ix, £.) = x + b[-r, YtAx, I) + 4 - ^-fo)dr + dL;«, -1 < ? < 5 < 0. 
By the uniqueness of solutions to SDEs, it is easy to see that 

x_,„,,(x) = Y^roA^, u: ) + L\, -to < 5 < 0. 

Substituting this into (16.41) . we get 

u(to, X) = Ev(y_,„,o(^, L^:^ )+Ll'- L\) + E U f{- s, Y^^^x, U') + L^' - U\)d)^ . (6.9) 
Now let us define 

w{t, X, I) := E^(y_,o(-^, Q + io- £-to) + E U /( - 5, y_,,(.^, I) + £, - ^.Jd^j . (6.10) 
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Using Theorem [5!2l again, one sees that w(t, x, £.) satisfies 

w{t, X, €) = ip{x + 4 - ^-td + r jc, ^.)d^ 

Jo 

+ 1 h{s,x^-t-s-t-t^)■lw{s,x,t:)^iS 
Jo 

Jo 

where for some a > 0, X"" = -a(-A)5 is the Levy operator associated with vq (see (I2.8I) '). Thus, 
by Theorem 16 .11 there exist a jS e (0, 1) and C depending only on J, a, y and ||Z7|U such that 

sup \\w(t,-,Q\\^, < C(||W|U + ll/IU + ll^lkr) 
fe[0,l] 

™ C(||/|U + IMU + IMkr). (6.11) 

On the other hand, since (Lj'"),^o and (Lj''),^o are independent, by (16.91) and (I6.10|) . we have 

m(?o, .x:) = Ew(?o, X, L^'). 

Estimate (lOI) now follows by (|6.11l) . □ 
Below, for the sake of simplicity, we write 

L = L\ 

Consider the following Cauchy problem of semi-linear first order parabolic system: 

dtu = Lu + b{u) ■ Vu + f(u), uiO) = (f, (6.12) 
where u(t, x) = (u\t, x),-- - , W^it, x)), and (fix) ■.W' ^W", 

b(t, X, u) : [0, 1] X X R™ ^ R'', 

fit, X, m) : [0, 1] X X R" ^ R'" 

are Borel measurable functions. 

We introduce the following notion about the strong solution for equation (16.121) . 

Definition 6.3. Let p > \ and (f e W^"^'''(R^;R'"). A function 

u e C([0, 1]; W^'^"'\W'; W")) n L''([0, 1]; W^'P(R'^; R"")) 
is called a strong solution of equation A6.12\i if for all t e [0,\] and almost all x e W', 



u(t, x) = (fix) + I £,u{s, x)ds + I b(s, x, u(s, x)) ■ Vu{s, x)ds + I f(s, x, u(s, x))ds. 
Jo Jo Jo 

We firstly prove the following uniqueness of strong solutions to equation (16.121) . 

Lemma 6.4. Suppose that for any R > 0, there are two constants Cf^, Ch,R > such that for all 
t e [0, 1], x,y eW' and u, u' e R'" with \u\, \u'\ < R, 

\f{t, X, U) - fit, X, U)\ < Cf,R\u - u'\, 

\b{t, X, u) - b{t,y, u')\ < 0Jh,R{\x - y\) + Ch,R\u - u'\, 

where a>i,,R : R^ ^ R^ is an increasing function with limsio a)h,Ris) = 0. Then there exists at 
most one strong solution in the sense of Definition \6. 3\ provided p > d + I. 
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Proof. Let ip e W^'T"P(W'. ^m) and 

u,ue C([0, 1]; W^"^-''(R''; R'")) n L'\[0, 1]; W^'^(R^; R'")) 
be two strong solutions of equation (16.121) with the same initial value (p. Let 

w(t, x) := u(t, x) - u(t, x). 
Then for all te[0,l] and almost all x e W', 

w{t, x) = I £.w{s, x)ds + I b{s, x, u{s, x)) ■ Vw{s, x)diS + j g{s, x)&s, 
Jo Jo Jo 

where 

g{t, x) := {b{t, X, u{t, x)) - b{t, x, u(t, x))) ■ Vu{t, x) + f(t, x, u{t, x)) - f{t, x, u(t, x)). 
Since u,ue C([0, 1]; W'"^ ''(R^; R™)), by Sobolev's embedding for some C > 0, 



Let 



sup ||m(OIIoo < C sup n, sup ||m(OIIoo < C sup 

fe[0,l] fe[0,l] te[0,l] fe[0,l] 



R :=C sup ||a(Olli_i „ + C sup „, 

fe[0,l] '' fe[0,l] 



then by the assumptions, we have for all t e [0, 1] and x,y e W^, 

\b{t, X, u{t, x)) - b{t,y,u{t,y))\ < cOb,R{\^-y\) + - u(t,y)\ 

1231 , ^ 

< ojb^RQx -y\) + C sup ||M(Olli-i p\x - y\ " . 

re[0,l] " 

Thus, by Lemma [STTI and the assumptions, for all t e [0, 1], we have 

IKOIIf , <c r ||^(^)||^d^ < c r (c,%||Vii(^)||^iK^)||£, + c%iK^)ll^)d5 

p'' Jo Jo 



(\m{s)\\';, + i)\\w(s)\\i, ds. (6.13) 



The uniqueness follows by Gronwall's inequality. □ 
We have the following existence and uniqueness of smooth solutions for equation (16.121) . 

Theorem 6.5. Suppose that for all R > and j,k = 0, 1, 2, ■ ■ ■, there exist CtjxR^ ^fjXR > 
such that for all {t, jc) e [0, 1] x R'^ and u & W with \u\ < R, 

\V{Vib{t, X, U)\ < C,,y,,,«, \V{^if{t, X, U)\ < Cy,y,,,«, (6.14) 

and there existjj e N, C/j > and hj e (L^ nL°°)(W') such thatforall (t, x, u) e [0, l]x]R''xR'", 

Wifit, X, u)\ < CfJuV^ + hjix), (6.15) 
where yo = 1- Then for any (p e W°°(R^; R"'), there exists a unique solution 

a6C([0, 1];W~(R'^;R'")) 
to equation A6.12\) with initial value (p. Moreover, 



sup IIKOIIco < e^^'^dl^llco + l|/?olU), (6.16) 

fe[0,l] 



and for any p > d + I, 



f 

Jo 



sup IKOli; , I \\Vu(t)\\Pdt < Kp, (6.17) 

/€[0,1] P' 

30 



where the constant Kp depends only on p,d,v and C/o, l|/zolU, \\ho\\p, Cbfififi, Ci,o,i,R 

and the function 

0Jb,R(s) '■= sup sup sup \b{t,x,u) - b(t,y,u)\, s > 0. (6.18) 

\x-y\^s te[Q,l] \u\^R 

Proof. We construct the Picardi's approximation for equation (16.121 ) as follows. Set uo{t, x) = 0. 
Since for any u e C([0, 1]; W°°(R^; R'")), by (I04l) . (16131) and the chain rules, 

(t, x) ^ b{t, X, u(t, x)) e L°°{[0, 1]; C"(R^; R'")), 

(t, x) ^ fit, X, u{t, x)) e L'"([0, 1]; W^CR^; R'")), 

by Theorem [O for each n eN, there exists a unique u,, e C([0, 1]; W°°(R''; R"')) solving the 
following linear equation: 

d,Un = £Un + b{Un^\) ' Vm„ + f(Un-i), M„(0) = (f. (6.19) 

Set 

Unit, X) := Unit, X) - I \\fis, ; Un-lis, •))llood5, 

Jo 

then for each j = 1 , 2, • • • ,m, 

d,ui - £ui - biun-i) • Vui = f\u„.i) - ||/„(m„-i)||oo < 0. 
By Lemma inl and (16.151) . in view of yo = 1, we have 

l|Mn(Ollco < ||Mn(Olloo + I \\fis, ; Un-lis, 'Mcods 

Jo 

< I|m«(0)IU + J (C/,oI|m«-i(5')IU + ||/zolloo)d5 

< ll^lloo + l|/?olU + Cffl J \\Un-iis)\\oods, 

which yields by Gronwall's inequality that 

sup ||m„(OIIco < e^f-'iM^ + jj/ioiU) =: (6.20) 

We mention that this L°°-estimate can be also derived by representation formula (15.141) . 
Since 

\bit,X,Un-lit,x))\ < ChS)fi,Ko ='■ Ki, 

by Corollary 16.21 there exist a jS e (0, 1) and C depending only on d, v, p and such that 

sup \\unit)\\<np < C(||/(m„-i)||oo + jj^jjoo + ||<^IL ,-rf±i) 

?e[0,l] 

< c(C/,oifo + + II^IU + llvlli-i,p) =: ^2. (6.21) 

Thus, letting tt^^j^Q be defined by (|6.18l) with R = Kq and using (|6.14l) . (16.201) . we have 

\bit, X, u„-iit, x)) - bit, y, u„-iit, y))\ < cob^Koil^ - y\) + CtflXKoKilx - yf. (6.22) 
Hence, we can use Lemma ISTTI to derive that for any p > I, 



i--,p 



\\Vu„isXds < C|||^||;'_,^^^ + \\fis,Un^lis)Wpds^ 

(c'fJu„.,isX + \\ho\\';)ds'^, (6.23) 



\\Unit)\\'' 1 „ + 

Jo 
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where Ci > 1 depends only on p, d, v, Ki, K2, oJb,Ko and Cbfl,i,Ko- particular, for any t e [0, 1], 

WUndX < Ci (ll<^li;_l^^ + ll^oll^) + CiCjo ||M„-l(5)||^d5, 

and by Gronwall's inequality, 

sup IMOli;^ < Ci (iMi; , +\\ho\f^e'''''f■o. 

re[0,l] ^ p'P ' 

Substituting this into (16.231) . we obtain 

suplMOli;, +r ||Vi<„(Oll^d? < Ci (iMi; . +r \\f{s,u„^,{s))rpd)\<K,, (6.24) 
?e[0,l] /'''' Jo \ p'' Jo / 

where K3 depends only on p, d, C/,o, WhWp. 

Let us now estimate the higher order derivatives of m„. For given ^ 6 N, set 

:= V''un(t,x). 

By equation (16.191) and the chain rules, one sees that 
where 

gi'\t, X) := V'^aC?, ■, Un-l(t, -mx) + y '^^\b{t, ; Un^iit, •)))W • V'-jVUn(t, x). 

jri {k- ])\]\ 
By (|6.22l) and Lemma [STl for any p > 1, we have 

suplKW. +r ||Vw«(5)||j^d5<c(||VVli; . +r ||^f(5)||^d5). 

?e[0,l] Jo \ Jo / 

Since g^n\s) contains at most fc-order derivatives of and the powers of lower order deriva- 
tives of u„{s), by induction method, it is easy to see that for any ^ e N and p > I, 

sup Wwfim'l + r \\Vw'!:\s)%As < Kp^u, (6.25) 

fe[0,l] p'P Jo 

where Kp^k is independent of n. 
Define 

Wn,miti X) '■= Ufi{t,x) — Uffi{t,x). 

Then 

,n,m ^ ^ I,n,m 

subject to w„,m(0) = 0, where 

V f 



<^2nm(^' ^)'= I ^»'/(^' X) + r(Un-l - Um-i){t, x))dr. 

Jo 

By (|6.22l) and Lemma [STTI again, we have 

l|w„,m(Ollf_, < C I ||(Gi,„,,„(5) + G2,n,m{s))Wn-\,m-\{s)\\''pds. 
p'P Jo 
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lim sup - "(011^ o = 0- 



By (16.141) and as in estimating (16.131 ). we further have 

IK,«(Oli;_,^^, < C r (WVuMWI, + l)\\Wn-i,^-ds)\\l, ds 

< c{Kp,i + 1) , d5. 

Jo P'^ 

Taking super-limit for both sides and by Fatou's lemma, we obtain 

lim sup ||w„,„,(^)ll'' 1 < C{Kp^Y + 1) lim sup , dr. 

Thus, by Gronwall's inequality, we get 

lim sup I = 0, 

"■'"^°°fe[0,l] ' p'P 

which together with (16.251) and the interpolation inequality yields that for any ^ e N, 

lim sup \\Un{t) - Um{t)\\l^ = 0. 

"■'«^°°?e[0,l] 

Hence, there exists aue C([0, 1]; W^CR''; R™)) such that for any keN, 

The proof is finished by taking limits for equation (16.191 ). □ 

Next we show the well-posedness of equation (16.121 ) under less regularity conditions on b, f. 

Theorem 6.6. Let p > d + I. Suppose that there exist Cf > and h e {U n U°)(W^) such that 
for all (t, X, m) e [0, 1] X X W\ 

\f(t, X, u)\ < Cf\u\ + h{x); (6.26) 

and for any R > 0, there are three constants Cf^R,Cb,o.R,Cb,i,R > such that for all t e [0, 1], 
x,y eW^ and u, u' e R'" with \u\, \u'\ < R, 

\f{t, X, u) - fit, X, u')\ < Cf^R\u - u'\, \b(t, X, u)\ < Ch,Q,R, 

\b(t, X, u) - b(t, y, u')\ < a)h,Ri\x - y\) + Ch,i,R\u - u'\, 

where a)h,R : R"^ — > R"^ is an increasing function with lim^o 0Jb,R(s) = 0. Then for any tp e 
W'^p'^CR^; R'"), there exists a unique strong solution u in the sense of Definition \6. 3\ Moreover, 

sup ||a(Ollco < e''^(ll<^IU + mioo). (6.28) 

fe[0,l] 

Proof. We divide the proof into three steps. 

(Step 1). hetxix) 6 [0, 1] be a nonnegative smooth function with;^;'(jc) = 1 for \x\ < 1 and 

X{x) = for \x\ > 2. Let (pl)ee{o,i) and (p")ee(o,i) be the moUifiers in R'^ and R"". Define 

b^it, X, u) := b{t, ■, •) * (pIp")(x, u), (f^ix) := tp * pl(x), 

and 

fsit, x,u):= fit, •, •) * {pIpI){x, u)x{ex). 
By (|6.26l) and (16.271) . one sees that (16.141) and (16.151) are satisfied for b^ and /e, and 

|/e(f, X, u)\ < [Cf{\u\ + £) + h* pl(x))xi£x) 

< Cf\u\ + Cfsxisx) + h* plix), (6.29) 
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and for my R > and all t e [0, 1], x,yeR'^ and u, u' e R'" with \u\, \u'\ < R, 

[ \ fs{t, X, U) - feit, X, U')\ < C/,r+i|m - U'\, \bs{t, X, U)\ < Cb,R+\, 

\ \bs{t, X, u) - bsit,y, u')\ < a)b,R+Yi\x - y\) + Ct,R+i\u - u'\. 
Moreover, by definition (|5.3I) . 

\\cps\\i-ip<mu-ip. (6.31) 

By Theorem [631 let 6 C([0, 1]; W~(]R''; R'")) solve the following equation 

dfUs = £Ue + bailie) ■ + /e(Me), M^CO) = (6.32) 

By (16.161) and (16.291) . we have 

sup \\um\o. < e^^dl^llco + CfS + ||/z|U), (6.33) 

re[0,l] 

and by (IQgl) . (l630l) . dOTl) and (lOTl) . 

sup (sup IMOIIf . +r ||Vi<,(Oll^d?) < i^, (6.34) 

ee(0,l) Ve[0,l] p''^ Jo / 

where we have particularly used that for p > d + I, 

WCfSxis-) + h*pX < Cfs'-'/PMp + \\h\\p < CfMp + \\h\\p. 
(Step 2). In this step we want to show that 

lim sup sup I \uE(t,x)\'^dx = 0. (6.35) 

,1] J\x\ 



^^°°ee(0,l)fe[0,l] J\x\>N 

Let ^n(x) '■= 1 -x(N'^x). Multiplying both sides of equation (16.321) by ^n(x), we have 

where 
Let 

n Cf/ir .11 , ^ ^, 

Since 



R := e^^dl^lL + Cf + \\h\U. 



16301 

|Z7e(r, X, Usit, x)) - b^it, y, u^it, y))\ < (Ob,R+ii\x - y\) + \Us{t, x) - u^it, y)\ 

m) . ^ 

< cOh,R+i{\x-y\) + C m^\\u^{t)\\^_i \x-y\ p 

re[0,l] " 

< aJb,R^ii\x-y\) + CKT'\x-y\'--, (6.36) 
here and below, the constant C is independent of and s, by Lemma [STTl we have 

ll".(0^^llf > „ < C||^,^^||;' , + C r ||^;v,.(^)ll^d^. (6.37) 

p'P p'P Jo 

Clearly, 

By (I2l6l) and (I09l) . we have 

< C((||X^^IL + ll^ivllillV^ivlli)ll".llp + IIV^^IUIKIlillVii.llJ) 
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Noticing that 

URd ■'V jRd 

and 

by Lemma [241 and (16.341) . we have 

r ll^;v,.(^)ll^d^ < + C r \\u,isXMs + -^ f \x{xWdx + C [ \h(x)\Pdx. 

Jo Jo J^^' Jr^ Je^_( 

Substituting this into (16.371) and using Gronwall's inequality, we obtain 

lim sup sup WusitX^/Wp = 0- 

^-»°°ee(0,l) te[0,\] 

This clearly implies (16.351) . 

(Step 3). For fixed e, s' e (0, 1), let us define 

We,s'it, X) := Us(t, X) - Us'{t, X). 

Then 

subject to We_e'(0) = ipe- '4'e', whcrc 

Gi'£g,(f, ;c) := V I X, u^it, x) + riu^ - u^'Xt, x))dr ■ dju].,{t, x), 

^)'= I d„.f^(t, X, Usit, x) + r{us - Us')(t, x))dr, 
Jo 

Fi,£,s'(t, x) := (bsit, X, Us'it, x)) - bs'it, x, u^'it, x))) ■ Vue'(t, x), 

F2,E,E'(t, X) := X, Ue'it, x)) - fs'{t, X, Us'{t, x)). 

By (|6.36l) and Lemma [STI again, we have 

\\WsAt)\\' ■ + r W^W^A^Wp^^ < Ke' +C { ||(Gi,,,,,(^) + G2,eAs))w,AsWp^S, 

p''' Jo Jo 

where 

hs,s' ■= C\\w,Am'\ +C r \\F,^,As) + F2,,AsWpAs. 
p'^ Jo 

By (|6.30l) and as in estimating (16.131) . we further have 

+ r \\Vw,AsWpAs<K^,, + C \ {]\VuAs)% + \)\\WsAsX .As. 

p''^ Jo Jo i'''^ 

By Gronwall's inequality and (16.341) . one sees that 

sup \\w,As)\\' , + r IIVw,,,'(*)li;^d5 < O,,,.. (6.38) 

i6[0,l] P'P Jo 

Now it is standard to show that 

lim ||w,,,.(0)||;' . < C lim \\w,Am[, = 0, 
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and by (ICTl) and (16341) . 

We now look at F2,e,e' • For any N > 0,we write 

r r \F,,,As,x)\';dxds= [ [ \F,,,As,x)\';dxds+ [ [ \F,,,As,x)\Pdxds=:h+l2. 
Jo Jk'' Jo Jb"^ Jo Jb^ 

For /i , by (16.291 ) we have 

/i < I I (2Cf |Me/(5, x)\ + + h* Peix) + s'xis'x) + h * pi.'ix)Ydxds 

JoJb^,^ ' 

<csup r \u,,{s,xyfdx^^. { UrWrdx + c r |/iwrdx, 

ie[0,l] Jb;^ Jfd Jbc^ ^ 

which converges to zero uniformly in e' e (0, 1) by (16.351) as — > oo. 

For I2 and for fixed A'^ > 0, by the dominated convergence theorem, (|6.30|) and the approxima- 
tion of the identity (cf. |l36l p.23, (16)]), we have 

/2 < I I sup !/£(?, X, u) - fe'it, X, u)\''dxdt — > 0, £, s' 0. 

Jo Jbn ueBR 

Combining the above calculations and letting e,e' 10 for (16.381) . we obtain 

sup \\w,As)\f ' = 0, ih^^ r WVw.A^Wlds = 0. 
Hence, there exists aue C([0, 1]; W^"^^(R^; R'")) n LP([0, 1]; W^'P(]R^; R*")) such that 
lim sup \\us{s) - u{s)\f , = 0, lim f WVu^is) - VuisWds = 0. 

slO ,g[o,l] 1-?'/' slO Jo 

Taking limits in L^-space for equation (16.321) . it is easy to see that u solves equation (16.121) . □ 

Remark 6.7. In this remark, we explain how to use the above results to the critical Hamilton- 
Jacobi equation (cf. [fT^flTI ). Let 

H(t, X, u, <?) : [0, 1] X R'' X R™ x M^xd ^ 

be a measurable and smooth function in x, u, q, where M,„^d denotes the set of all real valued 
m X d-matrices. Consider the following Hamilton-Jacobi equation 

dfU = £,u + H(t, X, u, Vm), m(0) = (p. (6.39) 

Formally, taking the gradient we obtain 

d,Vu = £Vu + Vj,H{t, X, u, Vm) + V„//(?, x, u, Vm) • Vm + VyH{t, x, u, Vm) ■ VVm. 

If we let 

w{t, x) := (u(t, x), Vu{t, x)y, 

then 

dfW = £,w + b(w) ■ Vw + f(w), w(0) = ((f, V(p)\ 

where for w = (m, q), 

b(t, x,w) := (0, VqH(t, X, u, q)) 

and 

fit, x,w):= {Hit, X, u, q), V^H{t, x, u, q) + V^,H(t, x, u, q) ■ q)\ 
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Thus, we can use Theorems 1(5. 51 and 1(5. 6\ to uniquely solve equation ({6.39\l under some assump- 
tions on H and tp. 
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